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Second-Order Logic

Languages
A second-order language .Z2 extends its first-order counterpart Zx as follows:

Vocabulary
e Functor symbols: Fy, F5, ..., F,,...
e Relation variables: X{, X4,..., X} ... X2 X2 ... X2 ... X" X ... X" ...

n
K is a set containing (possibly no) individual constants, function symbols, and relation symbols.
Terms of L2

o If F,R; € K, then F(R;) is a term of £Z.
o If F € K, then F(X;) is a term of .Z2.

Well-formed Formulae (wff) of £
o If ty,...,t, are terms of £Z, then X! (t1,...,t,) is an atomic wff of £Z.

o If pis a wif of £Z, then YV is a wif of £Z.

X is free in ¢ for X7 iff no free occurrence of X7 in ¢ is in the scope of a quantifier of the
form VX.

Shortcuts
e s=t:=YX(Xs+ Xt);
o JXp = VX .
Deductive system

D2 extends a Hilbert-style calculus D1 for first-order logic with the following:



Axioms of D2:

(A5) VXT'p — [T/ X]], if T} is an n-ary relation variable free for X in ¢ or an n-ary
relation symbol.

(Comprehension) 3X"™Vx; ... Vo, (X "z ...z, ¢ @o(21,...,2,)), if X™ is not free in ¢.

Rules of inference of D2:

o=
o = VX'

if X7 is not free in ¢ or in a premise.

(Second-order generalisation)

Second-order Arithmetic

A:i={0, N, S, +, x}. Z2 is the language of Second-order Peano Arithmetic, Z, C £% in D2,
which consists of the following axioms:

PA1 NO

PA2 Vz(Nz — Sz # 0)

PA3 VaVy(Nz ANy — (Sz =Sy —» 2 =v))

PA4 Vo(Nz — 2+ 0= 1)

PA5 VaVy(Na ANy — 2 + Sy = S(z + y))

PA6 Vz(Nz — z x0=0)

PA7 VaVy(Nz ANy — o X Sy = o X y + )

Induction axiom. VX (X0 AVz(Nz — (Xz — XSz)) — Vo(Nz — Xz))

Fregean Foundations

Frege Logic

F = {§,#}UA. £2 is the language of Frege Logic, FL, which extends D2 with the following
axiom:

Basic Law V (BLV). VXVY(§X =§Y < X =Y)

where X =Y :=Vz(Xz < Yo) (X =Y iff X and Y hold of the same objects).

Frege’s Definitions of the Arithmetical Vocabulary

Hume’s Principle (HP). VXVY (#X = #Y <& X xY)

where X ~ Y = 3X%(Vz(Xz — y(Yy A X%2y)) AVy(Yy — z(Xz A X2zy))) (there is a
bijection between X and Y).

#X =4er §FY (2 =8Y NY = X)) (Def)



0 =def #(CE 75 .’IJ) (Defo)
Pred(z,y) :=3X( Xz Ay =#X Nx = #(Xz Az # z))
Her(X) := VaVy(Pred(z, y) = (X2 — Xy))
Ans(z,y) :==VX(Xz AHer(X) — Xy)

Nz <+4ey Ans(0, z) (Defy)
Sz =y <>gef No A Pred(z, y) (Defg)
x+0 =def T (Def-i-)

x+sy =def S(ﬂ? + y)

X0 =45 0 (Defy)
TXSY =gef TX Y+

Frege’s Theorem

Theorem 1. FL + Defy - HP.
Theorem 2 (Frege). D2 + HP + Def; + Defy + Defs + Def . + Defy - Zs.
Corollary 3. FL 4 Defy 4 Defy + Defy + Defg + Def, + Defy = Z.

Russell’s Paradox

Clz) = 3IX 2 =8X

xey :=3AX(y =8§X A Xx)

Lemma 4. The following follow in FL:

(Comprehension for classes) VX 3xVy(y € x + Xy)
(Extensionality) VaVy(C(z) AC(y) » (Vz(z €z >z €y) >z =1y))
Theorem 5 (Russell). FL+ L.

Proof. 1. JaVy(lyex -y ¢ y) Comprehension for classes
2. Vylyexzydy) assumption
J.zrexeadx 2
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