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Second-Order Logic

Languages

A second-order language L 2
K extends its first-order counterpart LK as follows:

Vocabulary

• Functor symbols: F1, F2, . . . , Fn, . . .

• Relation variables: X1
1 , X

1
2 , . . . , X

1
n, . . . , X

2
1 , X

2
2 , . . . , X

2
n, . . . , X

m
1 , X

m
2 , . . . , X

m
n , . . .

K is a set containing (possibly no) individual constants, function symbols, and relation symbols.

Terms of L 2
K

• If F,Ri ∈ K, then F (Ri) is a term of L 2
K .

• If F ∈ K, then F (Xi) is a term of L 2
K .

Well-formed Formulae (wff) of L 2
K

• If t1, . . . , tn are terms of L 2
K , then Xn

i (t1, . . . , tn) is an atomic wff of L 2
K .

• If ϕ is a wff of L 2
K , then ∀V ϕ is a wff of L 2

K .

Xn
i is free in ϕ for Xn

j iff no free occurrence of Xn
j in ϕ is in the scope of a quantifier of the

form ∀Xn
i .

Shortcuts

• s = t := ∀X(Xs↔ Xt);

• ∃Xn
i ϕ := ¬∀Xn

i ¬ϕ.

Deductive system

D2 extends a Hilbert-style calculus D1 for first-order logic with the following:
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Axioms of D2:

(A5) ∀Xn
i ϕ → ϕ[Tn

j /X
n
i ], if Tn

j is an n-ary relation variable free for Xn
i in ϕ or an n-ary

relation symbol.

(Comprehension) ∃Xn∀x1 . . . ∀xn(Xnx1 . . . xn ↔ ϕ(x1, . . . , xn)), if Xn is not free in ϕ.

Rules of inference of D2:

ϕ→ ψ

ϕ→ ∀Xn
i ψ

(Second-order generalisation)

if Xn
i is not free in ϕ or in a premise.

Second-order Arithmetic

A:= {0, N, S, +,×}. L 2
A is the language of Second-order Peano Arithmetic, Z2 ⊆ L 2

A in D2,
which consists of the following axioms:

PA1 N0

PA2 ∀x(Nx→ Sx 6= 0)

PA3 ∀x∀y(Nx ∧Ny → (Sx = Sy → x = y))

PA4 ∀x(Nx→ x+ 0 = x)

PA5 ∀x∀y(Nx ∧Ny → x+ Sy = S(x+ y))

PA6 ∀x(Nx→ x× 0 = 0)

PA7 ∀x∀y(Nx ∧Ny → x× Sy = x× y + x)

Induction axiom. ∀X(X0 ∧ ∀x(Nx→ (Xx→ XSx))→ ∀x(Nx→ Xx))

Fregean Foundations

Frege Logic

F := {§,#} ∪ A. L 2
F is the language of Frege Logic, FL, which extends D2 with the following

axiom:

Basic Law V (BLV). ∀X∀Y (§X = §Y ↔ X ≡ Y )

where X ≡ Y := ∀x(Xx↔ Y x) (X ≡ Y iff X and Y hold of the same objects).

Frege’s Definitions of the Arithmetical Vocabulary

Hume’s Principle (HP). ∀X∀Y (#X = #Y ↔ X ≈ Y )

where X ≈ Y := ∃X2(∀x(Xx → ∃!y(Y y ∧ X2xy)) ∧ ∀y(Y y → ∃!x(Xx ∧ X2xy))) (there is a
bijection between X and Y ).

#X =def §(∃Y (x = §Y ∧ Y ≈ X)) (Def#)
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0 =def #(x 6= x) (Def0)

Pred(x, y) := ∃X(Xx ∧ y = #X ∧ x = #(Xz ∧ z 6= x))

Her(X) := ∀x∀y(Pred(x, y)→ (Xx→ Xy))

Ans(x, y) := ∀X(Xx ∧Her(X)→ Xy)

Nx↔def Ans(0, x) (DefN)

Sx = y ↔def Nx ∧ Pred(x, y) (DefS)

x+0 =def x (Def+)

x+Sy =def S(x+ y)

x×0 =def 0 (Def×)

x×Sy =def x× y + x

Frege’s Theorem

Theorem 1. FL + Def# ` HP.
Theorem 2 (Frege). D2 + HP + Def0 + DefN + DefS + Def+ + Def× ` Z2.
Corollary 3. FL + Def# + Def0 + DefN + DefS + Def+ + Def× ` Z2.

Russell’s Paradox

C(x) := ∃X x = §X
x ∈ y := ∃X(y = §X ∧Xx)

Lemma 4. The following follow in FL:

(Comprehension for classes) ∀X∃x∀y(y ∈ x↔ Xy)

(Extensionality) ∀x∀y(C(x) ∧ C(y)→ (∀z(z ∈ x↔ z ∈ y)→ x = y))

Theorem 5 (Russell). FL ` ⊥.

Proof. 1. ∃x∀y(y ∈ x↔ y /∈ y) Comprehension for classes

2. ∀y(y ∈ x↔ y /∈ y) assumption

3. x ∈ x↔ x /∈ x 2
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